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Gust Response of a Wing near the Ground
through the Lifting Surface Theory

Makoto Kobayakawa* and Hiroshi Maedat
Kyoto University, Kyoto, Japan

The ground effect on the gust response of wings is investigated theoretically and experimentally. In the
theoretical calculations the lifting surface theory is applied. The ground effect terms are added to the ordinary
kernel function. The gust response functions are calculated for three rectangular wings of different aspect ratio
and one delta wing. The augmentation of the response function by the ground effect appears as the wing ap-
proaches the ground. Furthermore, experiments of the ground effect on the wings are performed by wind-tunnel
tests. Comparison between experimental values and theoretical results shows good agreement.

Nomenclature

a =factor controlling number of spanwise
integration points

c(n),¢ =local chord length and geometric mean
chord length

d =representative length

E, (xy;) = function in Eq. (18)

29 Fhg =influence functions, Eq. (15)
N =first and second term of the kernel

function

k =reduced frequency

1,,K; L, =modified Bessel functions and Struve
function

1,,K,",L,’ =dl,/dz, dK,/dz, dL,/dz

J =v-1

K(xy,y9,2sM,) =Xkernel function

KK " =Eq.(11)

/ =lift distribution on the wing

r =[.gjkx

M =Mach number

m =number of the collocation points along
span

N =number of the collocation points along
chord

PP, =modified influence function [Eq. (20)]
and dP,/dy,

D =integer denoting chordwise position

R, =regularized influence function, Eq. (19)

r =integer denoting loading station

q =integer denoting function y,

r = (w/U)Vy§+7?

S,s =area of wing planform and semispan of
wing

S(k),S’ (k) =Sears function and modified Sears
function, Eq. (25)

U = freestream velocity

w =modified complex downwash

We =amplitude of gust

X, V.2 = coordinates on real wing

x',y',z =coordinates on imaginary wing

Yi =y/s

XX, =local leading and trailing ordinates
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Xy, =ordinate of collocation
Xp:Yo =x—fandy—n
=VI-M?

r,(m).C, = spanwise loading function and coefficient
in Eq. (13)

& =coordinate variables of real wing

£, = coordinate variables of imaginary wing

n; =n/s

7} =transformed variable in F,, Eq. (8), or
angular spanwise parameter, Eq. (16)

0, =7r/(m+1)

A =integer in spanwise integration of
downwash

A =a(m+1)-1

KinPurs

O s Ty = coefficients in Eq. (24)

T =integration variable

) =(1/8%r,)) (xg—=MNx3+1?)

[} =angular chordwise parameter

@, =2mp/ (2N+1)

V(@) = chordwise loading function in Eq. (13)

w =circular frequency of gust

@ =w/UB?

1§/I = Manglar’s principal value

Introduction

T is important to investigate the dynamic response to wind

gusts of an airplane which flies with large angle of attack at
the takeoff or landing condition where the airplane is easily
destabilized by a slight disturbance. Needless to say, among
all the parts of the airplane, the wing is most affected by the
gust. Therefore, there have been many papers published on
the gust response of wings since those of Sears.! However, we
cannot find a paper on the gust response of a wing which is in
a state of nonlinear condition, such as flying near the ground
at large angle of attack. This nonlinearity, which appears in
the response function (lift force), is a very complex
phenomenon, and moreover, the distribution of the gust
velocity might be nonuniform (shear flow) near the ground.

In this paper, an attempt is made to approach the gust
response problem near the ground. However, the effect of
shear flow is neglected, and moreover, the perturbation
pressure field is related to the velocity potential by the or-
dinary differential equation as used in the linear theory.
Accordingly, the lifting surface theory is used for the method
of analysis. Furthermore, experiments were performed, and
results are compared with calculated values.
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An Approach by Lifting Surface Theory

Derivation of Kernel Function

Consider a wing which is flying in gusty air near the ground
(altitude /) with freestream velocity U in x direction. This
wing and its reference frame are shown in Fig. 1. Here, a thin
wing and inviscid fluid flow are assumed. One of the familiar
ways to express the existence of ground is by putting an image
wing on the symmetrical point with regard to the ground.
Then, two systems of coordinate axes O0-xyz and
0’-x'y’z’ are taken on the real wing and on the image wing,
respectively, as shown in Fig. 1. The phase of the image gust is
inverted against the real gust.

Applying the lifting surface theory on this wing system, the
following integral equation can be derived by the boundary
* condition on an arbitrary point P(x,y,0) on the real wing: .

w(x,y,0) _

1 . _
2 = - o lim Uus,n>1<<x0,yo,z,M,w>dgdn

1 M 7 ’ ’ ’ ’ ’ 4 s
- Erh—nt} SS I (&7 YK (xp,¥0,2" ;M w)dE " dn (D

where the double integration should be performed over the
whole surface of real (z=0) and image (z’ =0) wings, and
subscript 7 indicates the value of the imaginary wing. Since the
coordinate system of the real wing (0-xyz) is related with that
of the image wing (0'-x"y’z’) as

’ ’

x=x y=y z2=z'=2h 2

Therefore, Eq. (1) becomes

M~_ilimSgi(s YK ( ‘M d&d
U =Ty \ N X0 Y0, M, w0) n
I ]
- tim ([ @K Gosor Mo dean @)
s

The kernel function in subsonic flow is given by the
following well-known equation. 2>

2 X jw _
K(xp,59 Z'Mw)=‘a e*fw-vo/ug oeff (N—=MNN? +r7)
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Fig. 1 . Coordinate systems of a wing near the ground.
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where

r=pvyi+z? B=VI-M?

Relations between values of the real wing and the image wing
can be derived by the boundary condition w=0 at 2=0 and
Eq. (4) as follows:

K(xp,y9, =M, 0) =K (X9, 50, 8;M,0) (5a)

In addition to the assumptions described in the foregoing
section, it is assumed that the oscillation of the wing might be
neglected. Then the downwash on the wing surface is replaced
by the gust velocity as follows:

W(x,»,0) = —Wwge /Y

Therefore, the integral equation for the lift force of the wing
is rearranged as

&e“f“”(/uz ilim [Sg i K M
U 87[' 20 A (E;Tl){ (XO,yo,z, ,(.0)

— K (Xp vz + 20 M) ]dgdn] 6)

The generalized kernel function K(xy,»,,2;M,w) was ob-
tained in Refs. 4 and 5. However, in order to rearrange the
kernel function applicable to the collocation method, the
derivation is performed again with regard to Refs. 2 and 3.
The kernel function is given by

3?2 )
K(xp,yp,2:M,0) = 52_26*#’)(0/(/(}71 +F;) @)

where

e~j<;:)\
0 NS

Fy= S“ exp(—joMVATHr7)

=K, (£ 33+ 2)
T w W
—J5 [Io<(‘/\/y5+22) —Lo(&\/J’5+ZZ>]

M8 —J 5+2°
(e, s

0 N1+72

P Sxo ol exp( —joMNA? +r?) i
) NI

S sinh — 1 (xg/7)

exp [jar sinh® — M coshf) 1d6 (8b)
0

In F, the integration variable is transformed as
A=r sinhé
where
r=pNiT e

After some calculations 8°F,;/dz? and 82F,/3z° can be
obtained in the following forms:

PF, w1 ¢ w .y w
)R )
a7’ U(r, rg){ ANTALVARE S RANAL

d=w/(UB?)
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where
7o=(1/r3) (xo—MNx3+r?) ri=vy}+z?

and K;’s and [;’s are modified Bessel functions and L,’s are
Struve functions.

Method of Solutions to the Integral Equation
Now, the integral equation [Eq. (6)] is rewritten as

Yo _ LT (M R(x0,y0,0:M,k
el | (sw[ (Xo:Y0: ;M K)

Xi(n)
— R(x0.90,215M, ) | e (10)
where
R=eitmpa K (11a)
Yo |2
R =eltkap/d) g (11b)

and k(=wd/U) is reduced frequency. Represent the lift force
distribution / as a series expansion of the form

IEn;) =

( 3 Er (1) ¥y ($) (12)

J. AIRCRAFT

where
m

E [rqr Y sinué sin,w,] (13a)

r (77/

cos(g—1)¢+cosqe
sing

Yo (o) =

(13b)

With these expressions Eq. (10) can be expressed as

e - S );F(m)[ —

where y, =y/s, n; =n/sand

-s th]dn, (14)

JA ,
F,=—\ K(x0,50,0:M,k) ¥, (¢)singdé (15a)
™ 0

1 7 .
Fy,= - so K(x9,y0,2h:M, k), (¢p)sing do (15b)

Furthermore, 6, and ¢ are new variables defined by

n;=—cosb n;,,=—cosb,=—7r/{m+1) (r=12,...,m)
(16a)
x=x,(n;) + [c(n;)/2d] (1 —cos¢) (16b)

Substituting Eqs. (13) and (15) into Eq. (14), this integral
equation can finally be transformed into the simultaneous
equation system

N m
= E Erquq(x:yﬂ’h) a7
r=1

g=1

where

Q, (6ym) = e m+l Elg’l sinud sinubr

% {Rq(x)y]xnl) 1
sinf (m,=1)?

[Pq ey

2
=y Py yiv) + (o ) By i)

Bs
c(y;)

Xtuly, =n, 1| Jdn, (s)

In this equation, R, is the regularized influence function
defined by

R, (x,y;m;) =

Py(xyimy) =Py (xy159) — (=¥ ) Pi(xy59,)

inf 19
- (m=y,)? 19
where
Py(x,yism;) =Fy—s?(n;~y;)  Fp,
Bs \?
—(C(y1)>Eq(x,}ﬁ)(h"h)zenl)ﬁ_’h' (20

and E,(x,y;) is the quantity for removal of logarithmic
singularity. The concrete form of this quantity is obtained as
E, (p,») in the collocation process. 6

Collocation Method

In order to solve the system of simultaneous equations [Eq.
(17)], the collocation method is applied, i.e. the wing surface
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is divided into many small panels. Procedures are as follows®:
Division along the span direction:

rmw
- — 0r:_ ( ) ‘ =gl
yi, cos cos o (r=12,...,m) (21a)
AT
n,xz—cosﬁxz—cos<m) (A=12,...,A) (21b)
where

A=ta(m+1)—1} (a = positive number)

Division along the chord direction:
Xpy =X (Y1} + Y2¢(y,,) (1—cosd,)
=X, + V2¢, (1 —cos¢,) (22a)
¢, =21p/(2N+1) (pr=12,...,N) (22b)

After these divisions, , [Eq. (18)] can be rewritten as
follows:

4
Q(] (Xpw)"lp;ﬂlr) =Qq (p} V)r)

A
= I: E {Rq (p;V:)\)Kr)\}+Pq (p’V)Pw
A=1
PP 0, + (87160 °E, (), | 23)
where
—1)" sind, sin(\
k= DTG STy g

T 2(m+1) (A+1) (coshy —cosh, )

=~—~1/2(A+1) (0, =6,;A=ar) (24b)
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Fig.2 Collocation points of the delta wing.
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sind, {1~ (—1)7*"}
= 0, %0, 24
£ 2(m+1) (cosf, —cosf, )? ( ) (249
=(m+1)/4 sinb, 9,=9,) (24d)

__ sinf, [I- (=D} 6 %6 (24¢)
Ty = 2(m+1)(cos€,,—cos€,) ( r y) ¢

=0 (6,=96,) (241)

[sinf, ( ¥ cos20, — V2bn 2)

v

m+1

i {u sinpf, sinf, +cosud, cosf, }sinuf,

‘ (24g)
o (W=D

The foregoing form of «,, is proposed by Ichkawa,’ who
explains that no overlap occurs between integration points
and control points by this expression.

Some Examples of Calculations and Comparison with
Experimental Results
Results of Calculations

Calculations are performed for rectangular wings with
three values of aspect ratio and one delta wing, which are used
in experiments as described later. Mach number is taken as
zero for all examples. The number of collocation points for
the delta wing is illustrated in Fig. 2. The number of
collocation points for the rectangular wings is the same as in
the case of the delta wing. These collocation points are suf-
ficient for convergence of results. This was clarified in the
examples of Ref. 5. Numerical integrations are performed by
Gauss’ and Tchebycheff’s methods. Furthermore, some
modified Bessel functions and Struve functions are obtained
by numerical integrations.

Lift force distributions of the rectangular wing (R =1.0)
and the delta wing are shown in Figs. 3 and 4, respectively.
The local lift coefficient of the delta wing becomes infinitely
large at the tip because the wing chord length is zero. In these
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Fig.3 Lift force distribution of the rectangular wing, R = 1.0.
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Fig. 4 Lift force distribution of the delta wing, R =1.684.
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Fig.5 Gust response function of the rectangular wing, R =1.0.
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Fig. 6 Gustresponse function of the delta wing, R = 1.684.
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figures the upper graph shows the real part, the lower graph
shows the imaginary. part, and altitude 4 1is non-
dimensionalized by ¢ (denoted by #,). Figures 5 and 6 show
the modified Sears’ function S’ (k) which is defined by

1 -
S (k)= — S S e~ (x,y, M k)dx dy, 23)
In )¢

in terms of the modified reduced frequency k=wc/U. The
parameter is the altitude of the wing, and the augmentation of
the lift force by the ground effect is made clear by this
calculation.

Comparison with Experimental Results

In order to examine the effect of the ground effect on the
gust response of wings by experiments, we performed some
wind-tunnel tests.® In these experiments, the unsteady lift
force acting on the wing which is put in the gusty air flow of
the wind tunnel is measured. The experimental apparatus is
illustrated in Fig. 7. The normal gust was generated by
oscillating cascades.

The experiments were performed for three rectangular
wings of different aspect ratio and for one delta wing. The
cross-sectional form of the rectangular wings is NACA-0012,
and the aspect ratios are 1.0, 1.5, and 2.0. The chord length is
200 mm. The delta-wing model is illustrated in Fig. 8. These
model wings were supported by two struts. The unsteady lift
force was measured by a pair of strain gage balances which
were set at the base of struts, and the gust was measured by x-
type hot-wire anemometer. In Fig. 9 the variation of the gust
is illustrated.

In order to compare experimental results with theoretical
calculations, the augmentation of the lift force by the ground
effect 1is obtained. This quantity is defined by
IS’ (k), 1718’ (k) &1, i.e., the ratio of the absolute value of
the modified Sears’ function to that at 2= oo. Augmentation
values of several conditions are illustrated in Figs. 10 and 11.
Figure 10 shows the case of rectangular wings. It is found that
the augmentation for the small aspect ratio wing is larger than
that of the large aspect ratio wing, and also that the
augmentation value is independent of k. Experimental values
disperse to some extent. However, it can be said that both
agree well with each other. The same fact is found in the delta
wing case shown in Fig. 1. But in this case the augmentation
decreases as k increases. This is caused by the pretty decrease
of the imaginary part of S’(k) for the delta wing. The
comparison of the imaginary part of Fig. 6 with that of Fig. 5
makes this fact clear.

P T 1
h
Oscl.cascade wing mode}
20005
/*. -——_ﬂ -
Hot wire
Motor L Strut
Camﬁg Balance
TIT77T7T7

Fig. 7 Sketch of the experimental apparatus.
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Fig. 8 Wind-tunnel model of the delta wing.
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Fig. 9 Variation of the gust velocity.

Conclusion

The gust response of wings which are flying near the ground
is investigated. The lifting surface theory is used for
theoretical calculations. The ground effect is described by the
image-wing method. The generalized kernel function is ob-
tained, and the numerical functions are calculated for the
rectangular wings with aspect ratio 1.0, 1.5, and 2.0, and one
delta wing. Furthermore, experiments of the ground effect in
the gust response of wings are performed by wind-tunnel
tests. Experimental values and theoretical results are com-
pared by the augmentation of the lift force, and it is found
that they agree well with each other.
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